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The present paper is an attempt to investigate theoretically the stability 
of a continuously stratified layer of an incompressible, inviscid fluid, statically 
confined between two horizontal boundaries and heated uniformly from 
above. The basic density stratification is assumed to be unstable and of the 
exponential type, namely, p = p,eh(8 > 0 being a constant) depending only 
on the vertical coordinate (z) while the fluid extends indefinitely in the hori- 
zontal directions. The principal results established in the paper are as follows: 
(a) Neutral modes do not exist. 
(b) The oscillatory modes of the system are damped irrespective of 
the unstable basic density stratification while the nonoscillatory modes are 
amplified irrespective of the stable nonadverser heating. 
(c) An upper bound for the modulus of the dimensionless growth rate 
of an arbitrary unstable mode is (R,)1/2, where R, represents a dimensionless 
numbers corresponding to the gravitational effects of the basic nonhomogeneity 
of the fluid. 
(d) The results are compared with the classical Benard and Rayleigh- 
Taylor problems for inviscid fluids. 
INTRODUCTION 
The problem of the onset of instability in a heavy incompressible fluid of 
variable density kept at rest between two horizontal boundaries is known as a 
Rayleigh-Taylor instability problem. Rayleigh [l] showed that the necessary 
and sufficient condition that a continuously stratified heterogeneous inviscid 
fluid be stable is that dpldz should be negative everywhere in the flow region; 
moreover, if dp/dz should be positive anywhere inside the fluid, the stratifica- 
tion is unstable. The foregoing conclusion of Rayleigh is solely a consequence 
of the equations of continuity, momentum, and incompressibility and com- 
pletely ignores the equation of heat conduction on the ground that the fluid 
under discussion is non-heat-conducting (so that each fluid element retains 
its temperature and density throughout its motion). Another important class 
r The heating is qualified as nonadverse since, on account of thermal expansion, 
the fluid at the bottom will be heavier than the fluid at the top. 
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of problems which closely resembles to the above is the BCnard problem. 
It deals with the onset of instability in a static layer of an initially homogeneous 
fluid confined between two horizontal boundaries and heated uniformly 
from below. The inviscid case of this problem was studied by Rayleigh [2], 
Banerjee [3], Banerjee and Agrawal [4, 5, 61, and others, and they showed 
that what decides the instability or otherwise of the configuration is whether 
the applied heating is adverse or nonadverse. This result again is a conse- 
quence of the assumed fact that basically the fluid does not possess any 
density stratification and is absolutely homogeneous while any subsequent 
variations in its density are caused only by variations in temperature. 
Thus, while on one hand, the class of latter problems seems incomplete 
in the sense that the analysis does not take any account of the basic non- 
homogeneity of the fluid which is very likely to be present, the former class 
appears to be suffering from the defect that the top and the bottom layer of 
the fluid may differ in temperature and this with a slight heat conductivity 
of the fluid can give rise to new motions (convection) sufficient for altering 
the equilibrium character. In these circumstances, it seems desirable to 
present a unified treatment of the above two classes of problems by including 
a basic density stratification in the latter class or by imposing a uniform 
temperature gradient upon the former class when the fluid under discussion 
is heat conducting. Further, as in reality, a fluid is necessarily basically 
nonhomogeneous and heat-conducting, the latter class of problems should 
be obtained from this unified class as a limit of small nonhomogeneity and 
similarly the former class as a limit of small temperature gradient. 
Such a unified theory of these two classical problems of hydrodynamic 
instability was presented by Banerjee [7, 8, 91 and the results obtained 
therein clearly established what has been asserted previously. However, the 
configurations analyzed by Banerjee (which include the cases of both viscous 
and inviscid fluids) were precisely those where there is an interaction between 
thermal instability and basic stability and, thus, leaves room for further 
investigation of the cases where thermal stability and basic instability interact. 
The present communication analyzes the inviscid case of a basically unstably 
stratified fluid layer which is thermally stably stratified. The results obtained 
show a marked difference from those obtained in [8]. These results are further 
compared and contrasted with the results of the classical BCnard and 
Rayleigh-Taylor problems for inviscid fluids. 
THE PHYSICAL PROBLEM AND ITS FORMULATION 
The physical problem to be formulated is precisely the following: an 
incompressible, basically nonhomogeneous, inviscid fluid is statically confined 
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between two horizontal boundaries and heated uniformly from above. The 
basic nonhomogeneity of the fluid is assumed to be unstable and of the 
exponential type, namely, p = poesZ with 6 > 0 being a constant while the 
fluid extends indefinitely in the horizontal directions. We wish to study the 
stability of this configuration. 
Let the origin be on the lower boundary z = 0 with the z-axis perpendicu- 
lar to it along the vertical. The xy plane then constitutes the horizontal 
plane. 
The initial state is, therefore, one in which the velocity, temperature, 
density, and pressure at any point in the fluid are respectively given by 
u=v=w=o 
T = T(z), P = PG4, P = PW 
(1) 
We now proceed to obtain the resultant density distribution which arises 
due to the interaction between the basic and the thermal stratifications. 
Consider P(x, y, z) to be an arbitrary point in the fluid at which the 
temperature is T(z). We now assume that the resultant density at P(x, y, z) 
can be thought of as due to the following three density fields: (i) a homogene- 
ous fluid of density p = po , (ii) a basically homogeneous fluid of density 
p = po upon which a nonhomogeneity of the form p = poesZ is imposed, and 
(iii) a basically homogeneous fluid of density p = p. upon which a uniform 
nonadverse temperature gradient To - T,/d is applied, thus, making it 
nonhomogeneous according to the linear law, 
P = po[l + 4To - VI, (2) 
where T,, and Tl (> To) denote respectively the maintained constant tem- 
peratures of the lower and the upper boundary and 01 denotes the coefficient 
of volume expansion of the fluid. 
Then on the hypothesis that the resultant density distribution at P(x, y, x) 
can be obtained by superposing the changes due to (ii) and (iii) on (i) at the 
point P(x, y, z), we have the resultant density at P(x, y, z) as, 
P = p. + [poea* - ~01 + l~po{l + 4To - TN - ~01 
= po[esz + a(T, - T)]. 
(3) 
Equation (3), thus, gives the resultant density distribution in the fluid. 
Another plausible form for p is suggested by 
P = poeaz[l + 4To - TN, (4) 
which assumes that the linear law given by Eq. (2) which is valid for a 
basically homogeneous fluid of density p = p. also holds good for a basically 
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nonhomogeneous fluid of density p = p,,e 6z, But it will be noted that 8 will be 
assumed to be small in the subsequent mathematical analysis for the tracta- 
bility of the problem. Hence, the Eq. (4) can be approximated by 
P = po[esz + 4To - VI, (5) 
since OT is in the range of 10-3-10-4 for most of the substances with which we 
are usually concerned and I( T,--T,)I is about 10-12” [lo, p. 161. By ignoring 
higher order terms in 6 we obtain 
p = po[l + sz + iu(To - T)]. (6) 
In fact the density distribution given by Eq. (6) was used by Banerjee [ll] 
to discuss the stability of a basically nonhomogeneous fluid layer heated from 
above when the density perturbations are caused only by perturbations in 
temperature. 
The stationary state of the system whose stability we wish to examine is 
then given by the following solutions for velocity, temperature, density, and 
pressure fields, respectively: 
u=v=w=o, T = To + Px, j3 = Tl - T&d > 0, 
(7) 
p = Po[esz - 4q, P = PO + gp, [+ (1 - 4 + q] , 
where p is the uniform nonadverse temperature gradient which is maintained 
and p, and p. are respectively the pressure and density at the lower boundary 
z = 0. 
In the subsequent calculations which follow, we shall simplify the basic 
equations on the basis of Boussinesq approximation which says that the 
density variations can be neglected everywhere in the equations of motion, 
except in its association with the external force, in most of the practical cases 
of interest. The justification of this approximation can be found in Rayleigh 
[2], Jeffreys [12], Low [13], Pellew and Southwell [14], Chandrasekhar [lo], 
and others. Consequently, we replace Po[e+*Z + a( To - T)] by p. everywhere 
in the equations of motion except in the term containing the external body 
forces. 
Now, let the initial state described by Eqs. (7) be slightly perturbed so that 
the perturbed state is given by 
Uj’ = [u, 0, w], 
T’ = T + 8, 
p’ = po[esz + (+/po) + 4To - T - @I, 
b’ = p + 6P, 
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where (u, v, w), 8,6p, and Sp are respectively the perturbations in the velocity, 
temperature, basic density, and pressure fields. It is noted here that Sp 
denotes the perturbation in the density of the basically nonhomogeneous 
incompressible fluid (as taken in the Rayleigh-Taylor problem) [lo, p. 4291 
while 0 accounts for the density perturbations due to perturbations in 
temperature. 
Then the linearized equations of momentum, continuity, incompressibility, 
and heat conduction, on the basis of Boussinesq approximation when the 
perturbations are analyzed in terms of the normal modes by seeking solutions 
whose dependence on x, y, and t, is given by 
exp[i(ks + k,y + Nl, (9) 
which becomes 
p&nU] = - ik&, (10) 
p,,[in@] = -ik&, (11) 
po[in@j] = -DSp + golp,O - gq, (12) 
i[iik$ + @kK,] = -Dw, (13) 
ifaS& = -Wpg8esz, (14) 
in8 - K[D~ - k2] 0 = -/3~, (15) 
where k = (kz2 + ky2)1/2 is the wave number of the disturbance, n is a 
constant which can be complex, K denotes the coefficient of thermometric 
conductivity, g is the acceleration due to gravity and ii, V; 8, 8, 6p, and @ 
are functions of ,a only. Further, D denotes djdz. 
Now using the dimensionless quantities defined by 
Z* =zld; a,=kd; e * = gold2@c; 
M, = d8; c.+ = nd2/tc; R,t = gc+d4/tc2; (16) 
D,=dD; w,=w; R,* = g8d4/tc2 
and dropping the asterisk for convenience, the system of equations given by 
(lo)-(15) can be combined into the following form: 
(02 - a2 - ic) 6’ = Rlw, (17) 
- a2cB = i[c2(D2 - a2) - R2a2eMZ] w. WV 
The boundary conditions are given by 
w(0) = w(l) = 0, e(o) = e(l) = 0. (19) 
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Thus, for a given “a”, M, R, , and R, , the system of equations given by 
(17)-( 19) present an eigenvalue problem for “c” and the system is stable, 
neutral, or unstable according as the imaginary part of “c”, namely, ci , is 
positive, zero, or negative, respectively. 
NEUTRAL MODES 
In this section, we shall establish that neutral modes do not exist for this 
problem, and, consequently, an arbitrary mode of the system is either damped 
or amplified. 
Multiplying Eq. (18) by w* (the complex conjugate of w), integrating the 
resulting equation over the vertical range of z by making use of the boundary 
conditions (19) and substituting for si w*kB dz from Eq. (17) we get 
-3 Jo1 [I Dw I2 + a2 1 w I”] dz - R2a2 Ja’ eMz 1 w I2 dz 
ia2c 
(20) 
=- - 
[ 1 
’ {I De I2 + a2 / 0 I”} dz + ic* /’ / fl I2 dz] . 
Rl 0 0 
Equating the real and imaginary parts of Eq. (20) we obtain 
-(c,2 - ci2) IO1 [I Dw 1’ + a2 / w I”] dz - R2a2 l1 eMz / w j2 dz 
0 
a2 
= - [ci j1’ (I D6’ I2 + a2 / 0 I”} dz - (c,2 + ci”) rl’ I 0 I2 dz] , 
Rl 
(21) 
2c,ci i’ [i Dw I2 + a2 I w I”] dz - $-c, J”’ [I DB I2 + a2 j 0 I”] dz = 0, (22) 
0 1 0 
where c, is the real part of c. 
Now, let us assume that neutral modes exist so that ci = 0 is allowed by the 
governing equations. In that case Eq. (21) gives c, # 0 while Eq. (22) gives 
c, = 0. Hence, ci = 0 is not true, and, consequently, neutral modes do not 
exist. Thus, an arbitrary mode of the system is either damped or amplified. 
OSCILLATORY MODES 
For an oscillatory mode we have c, # 0. In that case, Eq. (22) gives ci > 0. 
Hence, the oscillatory modes of the system are all damped. Thus, the basic 
unstable density stratification does not affect the stability of these modes, and 
the character of these modes is entirely determined by the character of the 
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applied temperature gradient. It is further observed at this point that for the 
corresponding inviscid Rayleigh-Taylor problem (lir = 0), all the modes 
which are nonoscillatory in character are amplified [l]. Consequently, we 
might doubt the existence of such oscillatory modes in the present problem. 
However, the foregoing analysis shows that if oscillatory modes exist then 
they are all damped irrespective of the presence of an unstable basic density 
stratification. This clearly establishes the stabilizing effect of the nonadverse 
temperature gradient upon the Rayleigh-Taylor problem of an inviscid 
fluid. However, the fact that the basic unstable density stratification does not 
interact with the stability of oscillatory modes is a little surprising and a 
physical explanation is desirable to further illuminate this point. 
NONOSCILLATORY MODES 
In this section, we shall investigate the stability of nonoscillatory modes and 
establish their instability under the small M approximation which says that M 
is so small that R2eMz can be approximated by R, in the equations of motion. 
In fact, this approximation amounts to taking the density distribution being 
given by Eq. (6). 
For a nonoscillatory mode, we have c, = 0 and the governing differential 
equations and the boundary conditions are 
(D2 - u2 + ci) 19 = Rlw, (23) 
--a2c,d = [-ci2(D2 - a2) - R2a2] w, (24) 
w(0) = w(1) = 0, 
e(0) = e(1) = 0. (25) 
Equations (23) and (24) can be combined to give 
ca2(D2 - a2 + ci)(D2 - u') w + R2a2(D2 - U2 + Ci) W = Rla2CiW, (26) 
together with the boundary conditions, 
O=W=D~W=D~W=D~W= ...=D@m)w at z =Oand 1, (27) 
where m = 1,2, 3 ,.... 
Boundary conditions (27) suggest that 
w = A sin nrrz, 
where A is a constant and n IS an integer. 
THERMAL INSTABILITY 775 
Substituting for w from Eq. (28) in Eq. (26), we get the characteristic 
equation as 
Ci2(&T2 + a2 - ci) (tz2n2 + a2) - R2a2(n2n2 + a2 - ci) = R,a2ci 
or 
C&Z~TT~ + a2) - ci2(n2r2 + a2)2 + a2(R, - A,) ci + R,a2(n2n2 + a2) 
Now if cil , ci2 , and ci3 are the roots of Eq. (30), we have 
Gil + ci2 + ci3 = (AT2 + a2) > 0, 
cilcip + ci$ci3 + ci3cil = a2(R, - R2) n27r2 + a2 ’ 
CilCi2Cis = - R2a2 < 0. 
= 
(29) 
0. 
(30) 
(31) 
(32) 
(33) 
Inequality (33) shows that one of the roots must be negative, and, conse- 
quently, nonoscillatory modes destabilize the system irrespective of whether 
R, is greater than R, or less than R, . We observe here that while for the 
classical BCnard problem for an inviscid fluid heated from above [4] all the 
modes of the system whether oscillatory or nonoscillatory are damped, the 
nonoscillatory modes of the system are amplified in the present problem. 
This clearly establishes the destabihzing nature of the basic density stratifica- 
tion. 
AN UPPER BOUND FOR THE RATE OF GROWTH 
For nonoscillatory modes we have c, = 0 and ‘under the small M approxi- 
mation we have already established that there exists at least one value of ci 
which is negative. Here, in this section, we wish to determine an upper 
bound for such a j ci 1 . 
Under the present circumstances, Eq. (26), when multiplied by w* and 
integrated over the vertical range of z with the help of the boundary condi- 
tions, yields 
Ci2 j1~D’W~2d~+~ci~3j1/DW~2d~+a2(ci~[Ci2+R~-R2]j1~w~2d~ 
0 0 0 
+ a”(,2 - R,) j1 ( w I2 dz + (2ci2 - R,) a2 j’ 1 Dw I2 dz = 0, 
0 0 
(34) 
where cp is essentially negative. 
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From Eq. (34) we have necessarily 
1 ci / < (R&2. (35) 
Thus, the growth rate of an arbitrary unstable mode is bounded above by 
(Ra)1/2. This result clearly shows that for very small values of R, , non- 
oscillatory modes might not exist. In fact, when R, = 0, inequality (35) is 
violated, and this is perfectly in accordance with the fact that for the classical 
BCnard problem for inviscid fluids heated from above, all the modes of the 
system are damped. 
CONCLUDING REMARKS 
The analysis presented previously shows the significance of the role of the 
basic stratification in the problems of thermal instability and the part played 
by the heat conductivity and a uniform heating (even if small) in Rayleigh- 
Taylor instability problems. However, the results obtained from Eqs. (22) 
and (23) show a striking fact, namely, that, while the equilibrium of the 
system with respect to oscillatory modes is completely determined by the 
stable temperature gradient (irrespective of the basic unstable density stra- 
tification), it is the unstable basic density stratification which solely determines 
the equilibrium of nonoscillatory modes. Thus, the interaction of thermal and 
basic stratifications in making an arbitrary mode stable or unstable is missing 
in the present problem. This interaction does affect certain other 
characteristics of the system in a quantitative manner, namely, that the growth 
rate of an arbitrary nonoscillatory mode depends on R, quantitatively but not 
qualitatively. In this respect, the behavior of the present system is different 
from that of the corresponding gravitationally opposite configuration [7]. 
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